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ON MINIMAL IDEALS OF LIE ALGEBRAS
DONALD W. BARNES
Abstract. We show that a minimal ideal of a finite-dimensional Lie algebra
is either simple or abelian.
Let L be a finite-dimensional Lie algebra over a field F . A subalgebra S of L
is called subnormal (subinvariant) in L, written S⊳⊳ L, if there exist subalgebras
S = S0 ⊆ S1 ⊆ · · · ⊆ Sr = L such that, for all i, Si is an ideal of Si+1. We shall
use the following easy generalisation of [1, Lemma 1].
Lemma 1. Suppose that S⊳⊳ L. Let V be an irreducible L-module. Then all com-
position factors of V as S-module are isomorphic.
Theorem 2. Let L be a finite-dimensional Lie algebra and let K be a minimal
ideal of L. Then K is either simple or abelian.
Proof. Suppose that K is not simple. Take a minimal ideal A of K. Since K
is irreducible as L-module, and A⊳⊳ L, by Lemma 1, all A-module composition
factors of K are isomorphic. But A acts trivially on K/A, so A is abelian. But all
K-module composition factors of K are isomorphic to A, so K is soluble and its
derived algebra K ′ 6= K. But K ′ is an ideal of L, so K ′ = 0. 
Corollary 3. Let K be a nonabelian minimal ideal of L. Suppose S⊳⊳ L and S 6⊇ K.
Then SK = 0.
Proof. Since K is simple, K is a minimal ideal of S +K. There exists a maximal
ideal M of S+K containing S. Then M ∩K = 0 and it follows that MK = 0. 
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